Let S and T be the sets of Pisot and Salem numbers, respectively. We prove that the set mT ∩ T is empty for every positive integer m 2, i.e., that no sum of several Salem numbers is a Salem number. We also obtain a result which implies that the sets mT ∩ S and mS ∩ T are nonempty for every m 2, i.e., that certain Salem numbers can sum to a Pisot number and that certain Pisot numbers can sum to a Salem number. As an explicit example, the Salem number (22 + 10 √ 5 + 5 10 √ 5 + 14 + 50 √ 5 + 70)/8 = 10.99925 . . . is expressed by a sum of two Pisot numbers.
Introduction
Recall that a real algebraic integer > 1 is said to be a Pisot (or Pisot-Vijayaraghavan) number if its conjugates over Q (if any) all lie in the open unit disc |z| < 1. Similarly, a Salem number > 1 is an algebraic integer of degree d 4 over the field of rational numbers Q whose conjugates, other than itself, are −1 and d −2 numbers of modulus 1. The degree d of a Salem number must be even. The sets of Pisot and Salem numbers are usually denoted by S and T , respectively.
The sets S, T and S ∪ T are quite important subsets of the field of algebraic numbers Q. They appear in various problems of algebraic number theory, diophantine approximation, distribution modulo 1, ergodic theory, Fourier analysis, so-called expansions, etc. (see e.g., [1, 2, 6, 7, 10, 11, 16] ). The sets S and T are related. In particular, an old result of Salem [9] states that every element of S is a limit of a sequence of elements of T . The smallest element of S was determined by Siegel [12] : it is the number = 1.32471 . . . which is the positive root of the cubic equation x 3 − x − 1 = 0. The smallest element of T is not known [1] . In fact, it is not even known whether the set T has a smallest element and whether the set T is bounded from below by a number 1 + , where is a positive constant. Some algebraic relations between the conjugates of Pisot and Salem numbers have been studied in [5, 8] .
Evidently, every natural power of a Pisot (Salem) number of degree d is a Pisot (Salem) number of degree d itself. Since the d + 1 powers , 2 , . . . , d+1 , where is an algebraic number of degree d, are linearly dependent over Q, both sets S and T are linearly dependent over Q.
Suppose that m 2 is an integer. In this note, we are interested in the following three questions:
• Can m Salem numbers sum to a Salem number?
• Can m Salem numbers sum to a Pisot number?
• Can m Pisot numbers sum to a Salem number?
One 'missing' case is trivial. Since {2, 3, 4, . . .} ⊂ S, every sum of m Pisot numbers which are positive integers greater than 1 is a Pisot number itself.
Below, we shall prove the following:
Theorem 1. For any integer m 2 no sum of m Salem numbers is a Salem number.
Hence the answer to the first question is negative. The next two theorems imply that the answers to the second and to the third questions are positive. Our results imply that the set mT ∩ T is empty, whereas the sets mT ∩ S and mS ∩ T are nonempty for any integer m 2.
In the next section, we shall prove all three theorems. Unfortunately, it is not so easy to derive any explicit examples from Theorems 2 and 3. To illustrate the case m = 2 in Theorems 2 and 3, two explicit examples (including the one announced in the abstract) will be given in Section 3.
Proofs
We say that an algebraic number > 0 is a Perron number if its conjugates over Q different from itself (if any) all lie in the unit disc |z| < . In particular, Pisot and Salem numbers are Perron numbers. 
is proper extension of Q( ), so there is an automorphism : F → F which maps → and 1 → , where = 1 is conjugate to 1 over Q( ). Hence,
The right-hand side here is equal to
Clearly, Q ⊆ Q( ), so is conjugate to 1 
Exactly the same argument leads to the following, more general, statement: 
( ).
See also [4] for an 'effective' version of this lemma, based on Motzkin's theorem, and also Theorem 1 in [15] . + 1 ) , e i( − 1 ) , . . . , e i( − s ) ). Hence, by the same argument as in the proof of Theorem 2, + n is a Pisot number. We thus obtain the following corollary:
Corollary 7. For any Salem number , there exist infinitely many positive integers n such that + n is a Pisot number. In particular, every Salem number is expressible by a difference of a Pisot number and a Salem number.
This corollary solves a particular case of an open problem raised in [3] : prove that every real algebraic integer is expressible by a difference of two Mahler measures.
Proof of Theorem 3. This time, we shall apply Lemma 6 with := {1}. By the lemma, there are infinitely many sufficiently large positive integers n such that, for each such n, the number := n is a Salem number whose complex conjugates all lie in the arc ( ) :
We will show that each
where j = 1, . . . , m, is a Pisot number. Let us begin with 1 = −1. We have −1 < −1 −1 < 0 and |e i −1|=2| sin(/2)| || < 1 for ∈ (− , ) provided that < 1. So the conjugates of the algebraic integer 1 different from 1 itself all lie in the unit disc |z| < 1. This implies that 1 ∈ S and so its powers j = j 1 for j = 1, . . . , m − 1 are in S too. Next, we need to show that m = g( ), where
is a Pisot number. Indeed, n is large enough, so = n > 2. This implies that the algebraic integer g( ) is greater than 1. Its conjugate
is real and lies between −m and −m + 1 − −1 , so it belongs to the interval (0, 1). In order to show that its other conjugates lie in the disc |z| < 1 we observe that, for any z ∈ ( ), the inequality |z − 1| < |e i − 1| < holds. Hence,
Using ∈ (− , ) and 1
for small enough. This completes the proof of the fact that m = g( ) is a Pisot number.
Examples
As an illustration to Theorem 2 and to Corollary 7, we shall consider the following example. For m = 2, we need a Salem number whose complex conjugates are close to e 2 /m = −1. Let us take the number := (1 + √ 21 + 2 √ 21 + 6)/4 = 2.36920 . . . which is the root of the equation x 4 −x 3 −3x 2 −x +1=0 whose complex roots are −0.89564 · · ·± i0.44477 · · · . Then and 2 are both Salem numbers and + 2 = 7.98233 . . . is a Pisot number with minimal polynomial x 4 − 8x 3 + x + 1.
Our next example is an illustration to Theorem 3 for m = 2. Now, our aim is to find a Salem number of degree 4 such that 2 is the sum of two Pisot numbers 2 The numbers 1 (which is the root of x 4 − 10x 3 + 12x 2 − 5x + 1 = 0) and 2 (which is the root of x 4 − x 3 − 2x 2 − 2x − 1 = 0) are easily checked to be Pisot numbers.
